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The Bose-ghost propagator has been proposed as a carrier of the confining force in Yang-Mills theories
in minimal Landau gauge. We present the first numerical evaluation of this propagator, using lattice
simulations for the SU(2) gauge group in the scaling region. Our data are well described by a simple fitting
function, which is compatible with an infrared-enhanced Bose-ghost propagator. This function can also be
related to a massive gluon propagator in combination with an infrared-free (Faddeev-Popov) ghost
propagator. Since the Bose-ghost propagator can be written as the vacuum expectation value of a
BRST-exact quantity and should therefore vanish in a BRST-invariant theory, our results provide the first
numerical manifestation of BRST-symmetry breaking due to restriction of gauge-configuration space to the
Gribov region.
DOI: 10.1103/PhysRevD.90.051501 PACS numbers: 12.38.Gc, 12.38.Aw
I. INTRODUCTION
The study of color confinement in Yang-Mills theories in
minimal Landau gauge is an active area of research [1].
Let us recall that, in this case, the gauge condition is
implemented (see for example [2] and references therein)
by restricting the functional integral over gauge-field
configurations to the so-called Gribov region Ω. This
restriction can be achieved by adding a nonlocal term
Sh, the horizon function, to the usual Landau gauge-fixed
Yang-Mills action SYM þ Sgf . One thus obtains the
Gribov-Zwanziger (GZ) action SGZ ¼ SYM þ Sgf þ γ4Sh.
The massive parameter γ, known as the Gribov parameter,
is dynamically determined (in a self-consistent way)
through the so-called horizon condition.
The GZ action can be localized (see again Ref. [2] for a
recent review on this subject) by introducing a pair of
complex-conjugate bosonic fields ðϕ¯acμ ;ϕacμ Þ and a pair of
Grassmann complex-conjugate fields ðω¯acμ ;ωacμ Þ. Then, one
can write SGZ ¼ SYM þ Sgf þ Saux þ Sγ , where
Saux ¼
Z
d4x½ϕ¯acμ ∂νðDabν ϕbcμ Þ − ω¯acμ ∂νðDabν ωbcμ Þ
− g0ð∂νω¯acμ ÞfabdDbeν ηeϕdcμ  ð1Þ
Sγ ¼
Z
d4x½γ2Dbaν ðϕabν þ ϕ¯abν Þ − 4ðN2c − 1Þγ4: ð2Þ
Here, a; b; c; d and e are color indices in the adjoint
representation of the SU(Nc) gauge group; μ and ν are
Lorentz indices. Also, g0 is the bare coupling constant,
(η¯b, ηb) are the Faddeev-Popov (FP) ghost fields,
Dabν ¼ δab∂ν þ g0facbAcν is the covariant derivative, fabd
are the structure constants of the gauge group and repeated
indices are always implicitly summed over.
Under the nilpotent BRST variation s [3], the four
auxiliary fields form two BRST doublets, i.e. sϕacμ ¼ωacμ ,
sωacμ ¼ 0, sω¯acμ ¼ ϕ¯acμ and sϕ¯acμ ¼ 0, giving rise to a
so-called BRST quartet. At the same time, one can
check that the localized GZ theory is not BRST invariant.
Indeed, while sðSYM þ Sgf þ SauxÞ ¼ 0, one finds that
sSγ ∝ γ2 ≠ 0. Since a nonzero value for the Gribov
parameter γ is related to the restriction of the functional
integration to the Gribov region Ω, it is clear that BRST-
symmetry breaking is a direct consequence of this restric-
tion of the functional measure, as investigated in several
works (see e.g. [4–9] and references therein).
In order to study numerically the effect of the BRST-
breaking term Sγ , one can consider the expectation value of
a BRST-exact quantity. One such possibility is the corre-
lation function
Qabcdμν ðx; yÞ ¼ hωabμ ðxÞω¯cdν ðyÞ þ ϕabμ ðxÞϕ¯cdν ðyÞi; ð3Þ
which can be written as hsðϕabμ ðxÞω¯cdν ðyÞÞi. Of course,
while the above expectation value should be zero for a
BRST-invariant theory, it does not necessarily vanish if
BRST symmetry is broken (see, for example, the discus-
sion in Ref. [8]). Indeed, at tree level (and in momentum
space) one finds [2,10]
Qabcdμν ðp;p0Þ ¼
ð2πÞ4δð4Þðpþp0Þg20γ4fabefcdePμνðpÞ
p2ðp4þ2g20Ncγ4Þ
; ð4Þ
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where PμνðpÞ is the usual transverse projector. Thus, this
propagator is proportional to the Gribov parameter γ; i.e. its
nonzero value is clearly related to the breaking of the BRST
symmetry in the GZ theory.
Let us note that, given the close relation between
BRST-symmetry breaking and restriction of the functional
measure to the region Ω, one could argue that any
consequence of this restriction is also a signal of the
breaking of BRST symmetry. In particular, by considering
Green’s functions of the theory, one could expect their
infrared (IR) behavior to be affected by a nonzero Gribov
parameter γ, as already discussed by Gribov in his original
work [11]. However, numerical data can often be given
different interpretations, based on different analytic results.
Thus, from the numerical point of view, such indirect
evidence is not completely satisfactory. Instead, as in the
case of spontaneous-symmetry breaking,1 one would like to
obtain a nonzero value for a quantity whose expectation
value is fixed to zero by BRST symmetry. Then, BRST-
exact quantities are the natural candidates for this kind of
investigation. This work constitutes a first attempt in this
direction.
II. NUMERICAL SIMULATIONS
On the lattice one does not have direct access to the
auxiliary fields ðϕ¯acμ ;ϕacμ Þ and ðω¯acμ ;ωacμ Þ. On the other
hand, by (1) adding suitable sources to the GZ action,
(2) explicitly integrating over the four auxiliary fields—
which enter the action at most quadratically—and (3)
taking the usual functional derivatives with respect to the
sources,2 one can verify that [7]
Qabcdμν ðx − yÞ ¼ γ4hRabμ ðxÞRcdν ðyÞi; ð5Þ
where
Racμ ðxÞ ¼
Z
d4zðM−1Þaeðx; zÞBecμ ðzÞ: ð6Þ
Using expression (2) for Sγ, one finds that Bbcν ðxÞ is
given by the covariant derivative Dbcν ðxÞ. However, at
the classical level, one can neglect the total derivatives
∂νðϕaaν þ ϕ¯aaν Þ in the action Sγ [2,7]. In this case one
obtains Bbcν ðxÞ ¼ g0fbecAeνðxÞ, as in Ref. [7].
We remark that the notations used in Refs. [2] and [7] are
slightly different. Also, our Qabcdμν ðx; yÞ propagator corre-
sponds to the F term of the V propagator in Eqs. (72) and
(75) of Ref. [7]. Thus, the behavior of this propagator
depends only on the bosonic fields ðϕ¯acμ ;ϕacμ Þ. Finally, one
should recall that this Bose-ghost propagator has been
proposed as a carrier of long-range confining force in
minimal Landau gauge [7,9,12].
We evaluate the Bose-ghost propagator as defined in
Eq. (5) above (modulo the global factor γ4) using numerical
simulations in the SU(2) case. In order to check discretiza-
tion effects, we considered three different values of the
lattice coupling β, i.e. β¼2.2, 2.34940204 and 2.43668228,
respectively corresponding [13] to a lattice spacing a of
about 0.210fm, 0.140fm and 0.105fm. For β ¼ 2.2 and
2.34940204 we used five different lattice volumes, i.e.
V ¼ 164, 244, 324, 404, 484 in the former case and
V ¼ 244, 364, 484, 604, 724 in the latter case. These
two sets yield (approximately) the same set of physical
volumes, ranging from about ð3.366fmÞ4 to ð10.097fmÞ4.
For β ¼ 2.43668228 we considered only the lattice volume
V ¼ 964, which also corresponds to a physical volume of
about ð10.097fmÞ4. Thermalized configurations have been
gauge-fixed to lattice minimal Landau gauge using the
stochastic–over-relaxation algorithm [14], with a stopping
criterion ð∂μ ~AμÞ2 ≤ 10−14 (after averaging over the lattice
volume and the three color components).
In order to evaluate the Bose-ghost propagator, we
invert the FP matrix Mabðx; yÞ for the sources Bbcμ ðxÞ,
after removing their zero modes. We checked that the
numerical results do not depend—modulo a global mul-
tiplicative factor—on the definition of Bbcμ ðxÞ [see dis-
cussion after Eq. (6)]. In particular, when Bbcμ ðxÞ is given
by the covariant derivative, we used for it the expres-
sion given in Eq. (3.7b) of Ref. [5]. As for the lattice
gauge field AμðxÞ, corresponding to ag0AμðxÞ in the
continuum, we employ the usual unimproved definition
½UμðxÞ −U†μðxÞ=ð2iÞ, where UμðxÞ are the lattice link
variables entering the Wilson action. The inversion of
the FP matrix is performed using a conjugate-gradient
method, accelerated by even/odd preconditioning. If we
indicate with ~Racμ ðkÞ ¼ V−1=2
P
xR
ac
μ ðxÞ exp ð2πik · x=NÞ
the Fourier transform of the outcome Racμ ðxÞ of the
numerical inversion [see Eq. (6)], then it is clear that we
can evaluate the Bose-ghost propagator [see Eq. (5)] in
momentum space by considering
Qabcdμν ðkÞ≡ℜf ~Rabμ ðkÞ ~Rcdν ð−kÞg: ð7Þ
In the above equations, N is the lattice side, k is the
wave vector with components kμ ¼ 0; 1;…; N − 1 and ℜ
indicates the real part of the expression within brackets.
Then, by contracting the b and d indices, we can write
[see Eq. (4)]
QacðkÞ≡Qabcbμμ ðkÞ≡ δacNcPμμðkÞQðk2Þ; ð8Þ
due to global color invariance.
1Let us remark that some works [4,9] do indeed interpret the
breaking of BRST in minimal Landau gauge as a kind of
spontaneous breaking.
2This is analogous to the evaluation of the ghost propagator
hcaðxÞc¯bðyÞi, which on the lattice is obtained by considering
hðM−1Þabðx; yÞi.
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III. RESULTS
Numerical results for the scalar function Qðk2Þ,
defined in the above equation, are shown in Figs. 1 and
2. In all cases the data points represent averages over
gauge configurations and error bars correspond to one
standard deviation. (We consider the statistical error
only; the number of configurations ranges from 10000,
for V ¼ 164 at β ¼ 2.2, to 100, for V ¼ 964 at β ¼
2.43668228.) In the plots, all quantities are in physical
units and we use the improved definition for the momenta,
i.e. p2ðkÞ ¼Pμðp2μ þ p4μ=12Þ with pμ ¼ 2 sin ðπkμ=NÞ,
which makes the behavior of the propagator smoother,
allowing a better fit to the data. In our simulations
we considered two types of momenta, i.e. wave vectors
whose components are ð0; 0; 0; kÞ and ðk; k; k; kÞ, with
k ¼ 1; 2;…; N=2 − 1. This gives N − 2 different values for
the momentum p. [Note that the null momentum trivially
gives a zero result for the scalar function Qðk2Þ, since
~Racμ ð0Þ ¼ 0.] We also checked that the extrapolation to the
infinite-volume limit is relevant only to clarify the IR
behavior of the propagator, i.e. finite-size effects (at a given
lattice momentum p) are essentially negligible. Here, we
did not check for possible Gribov-copy effects.
In Fig. 1 we show the data at β ¼ 2.2 with V ¼ 484 and
at β ¼ 2.34940204 with V ¼ 724, after rescaling the data
at β ¼ 2.2 using the matching technique described in
Ref. [15]. The data scale quite well, even though small
deviations are observable in the IR limit (see also Fig. 2).
We also fit the data using the fitting function
fðp2Þ ¼ c
p4
p2 þ s
p4 þ u2p2 þ t2 : ð9Þ
Following the analysis in [7,9], i.e. by using the relation
(obtained using a cluster decomposition)
Qðp2Þ ∼ g20G2ðp2ÞDðp2Þ; ð10Þ
where Dðp2Þ is the gluon propagator and Gðp2Þ is the
ghost propagator, the above fitting function corresponds
to considering an infrared-free ghost propagator Gðp2Þ and
a massive gluon propagator Dðp2Þ [16]. The fit describes
the data quite well (see the χ2=d:o:f. values in Table I). Let
us note that the fitting value for the parameter c is
somewhat arbitrary, since one can always fix a renormal-
ization condition3 at a given scale p2 ¼ μ2, which in turn
yields a rescaling of the Bose-ghost propagator by a global
factor.
On the other hand, the parameters t, u and s can be
related to the analytic structure of the Bose-ghost
FIG. 1 (color online). The Bose-ghost propagator Qðk2Þ,
defined in Eq. (8), as a function of the improved momentum
squared p2ðkÞ. We plot data for β ¼ 2.2, V ¼ 484 (red, þ,
500 configurations) and β ¼ 2.34940204, V ¼ 724 (green, ×,
250 configurations), after applying a matching procedure [15].
We also plot, for V ¼ 724, a fit using Eq. (9) and the parameters
in Table I, with c ¼ 114ð13Þ. Note the logarithmic scale on
both axes.
FIG. 2 (color online). The product Qðk2Þp4ðkÞ, as a function
of the improved momentum squared p2ðkÞ. We plot data for
β ¼ 2.34940204, V ¼ 724 (green, ×, 250 configurations) and
β ¼ 2.43668228, V ¼ 964 (blue, , 100 configurations), after
applying a matching procedure [15] to the former set of data.
We also plot, for V ¼ 964, a fit using Eq. (9) and the parameters
in Table I, with c ¼ 247ð16Þ. Note the logarithmic scale on
both axes.
3From Eqs. (5) and (6) it is clear that the propagator Qðp2Þ
evaluated in this work has a renormalization constant ZQ equal to
1 [7] in the so-called Taylor scheme [17] and in the algebraic
renormalization scheme [2]. This implies that ZQ is also finite in
any renormalization scheme (see e.g. Refs. [17,18] for a dis-
cussion on this issue).
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propagatorQðp2Þ. For example, as done in Ref. [19] for the
gluon propagator, one could try to rewrite the fitting
function in terms of a pair of complex-conjugate poles.
Then, we find that these poles are actually real and given
by 14.6ð2.5Þ GeV2 and 0.62ð0.15Þ GeV2, where we used
the data reported in the last line of Table I. (Errors, shown
in parentheses, correspond to one standard deviation and
were obtained using a Monte Carlo error analysis with
10000 samples.) Thus, this fit supports the so-called
massive solution of the coupled Yang-Mills Dyson-
Schwinger equations of gluon and ghost propagators
(see e.g. Ref. [20]) and the so-called refined GZ approach
[21]. However, the values for the fitting parameters do not
seem to relate in a simple way to the corresponding values
obtained by fitting gluon-propagator data [19].
Even though the simple ansatz above gives a good
description of the data, deviations can be seen in the IR
region for momenta below about 1 GeV, by plotting the
quantity Qðk2Þp4ðkÞ (see Fig. 2). We checked that one can
slightly improve our fits, by using more general forms of
the propagator. However, in these cases, most of the fitting
parameters are determined with very large errors, sug-
gesting that such fitting functions have too many (redun-
dant) parameters. For this reason we do not show these fits
here. (A more detailed analysis of the lattice data will be
presented elsewhere.)
IV. CONCLUDING REMARKS
The above results allow a simple qualitative description
of the momentum-space behavior of the Bose-ghost propa-
gator. In particular, we find that its IR behavior is strongly
enhanced, given by p−4. This result is in agreement with the
one-loop analysis carried out in [22] but not with the
prediction of Ref. [7], where an IR enhancement of p−6 was
obtained by considering in Eq. (10) an IR-enhanced ghost
propagator and an IR-vanishing gluon propagator (see for
example Refs. [23]). One should stress that, even though
a double-pole singularity is suggestive of a long-range
interaction, the above result does not imply a linearly rising
potential between quarks. Indeed, when coupled to quarks
via the A − ϕ propagator (which is nonzero due to the
vertex term ϕ¯acμ gfacbAcν∂νϕbcμ ) the Bose-ghost propagator
gets a momentum factor at each vertex [7,9]; i.e. the
effective propagator is given by p−2 in the IR limit. This
analysis is confirmed by the explicit evaluation of the static
potential in Ref. [22], considering a two-loop topology with
the exchange of a Bose-ghost quantum. These results seem
to suggest that a linearly rising potential cannot be obtained
by a perturbative calculation based on a simple one-particle
exchange, but requires a fully nonperturbative analysis.
(For a lengthier discussion about this issue, the reader can
refer, for example, to the last section in Ref. [22].)
We conclude by stressing that, even though we did
not explicitly evaluate the Gribov parameter,4 our results
constitute the first numerical manifestation of BRST-
symmetry breaking due to the restriction of the functional
integration to the Gribov region Ω in the GZ approach. To
be more precise, we have shown that, in minimal Landau
gauge, the correlation function Qabcdμν ðp; p0Þ (modulo a
global γ4 factor) is nonzero in the infinite-volume and
continuum limit. Thus, if γ ≠ 0 and if the GZ action is
indeed equivalent to the numerical approach used in lattice
numerical simulations, one gets that the BRST-exact cor-
relation hsðϕabμ ðxÞω¯cdν ðyÞÞi is also nonzero; i.e. BRST
symmetry is broken in minimal Landau gauge. This result
would directly affect continuum functional approaches in
Landau gauge (see for example [25] and references
therein), which usually employ lattice results in minimal
Landau gauge as an input and/or as a comparison. At the
same time, as stressed in Sec. 8 of the recent QCD review
[26], several questions are still open for a clear under-
standing, at the nonperturbative level, of the GZ approach.
In particular, one should understand how a physical
positive-definite Hilbert space could be defined in this case.
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TABLE I. Parameters t, u and s from a fit of fðxÞ in (9) to the
data. Errors in parentheses correspond to one standard deviation.
The number of degrees of freedom (d.o.f.) is always N − 6. We
also show the reduced chi-squared χ2=d:o:f. Fits have been done
using GNUPLOT.
V ¼ N4 β t (GeV2) u (GeV) s (GeV2) χ2=d:o:f.
484 2.2 2.2(0.2) 1.5(0.2) 9.9(3.1) 6.28
724 2.34940204 3.2(0.3) 3.6(0.4) 46(13) 2.40
964 2.43668228 3.0(0.2) 3.9(0.3) 58.0(9.8) 1.12
4One should recall that the parameter γ is not explicitly
introduced on the lattice, since the restriction of the gauge-
configuration space to the region Ω is achieved by numerical
minimization. Thus, quantities proportional to γ, such as the
Bose-ghost propagator considered here or the horizon function
(see, e.g. [24]), are always evaluated modulo the global γ4 factor.
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